
Math 4550

Hw1[Solutions



oft is

tit
inverse of 5 is
inverse of T is 3·inverse of I is

inverse of 5 is T

5 + 5=
because#because T + 5 = 5 = 5

because I +5 = 5=

because 5+ 5= 5=

T because π+z= 5=

- because 5+ T = 5 =5



⑪ Un = [1,
3

,
32 , 92] where 9 = = eFi

· =>
⑫to calculate .

because 1-1 = 1

because 9 - 92= "= 1#F>S = S"= 1



⑮ Vo = [1 ,
9

,
92,92 ,

3
,
5)

where 3 = cei

iFORMULA :

S94 to calculate

because 1: 1= 1

- because 9 . 95= S= 1#because 92g"=
"
= 1

because
92.5" = g"= 1

-

because
S"g2g'= 1

-

-

-

= because 929 = g'= 1



⑧ Do = E1
,
r

,
r

,
s
,

sr
, sr]

=1 , s= 1,
res = si = spen

=>
nerses: 1= 1

r = r2 Isr= So

cr= r
Isr" = sr2



⑰)
Do = [1 ,

r
,

r2
,

r3
,

5
,

so,
su

, job]

=1
,

s= 1
,

res = Sek= sat-h

-

3

⑮su = str = sub
-

(s)(s) = Sur = Sar = ser = 1r= r
T

r= r"r= r
3

[sincer" = 1

· rust = ~sus = rsusr
-

=r= r-
= SFrsr

-

= S1st-
-

= Sr= 1r
=

=
r =

wr= ra

-
r= r3

# r .
r = r" = 1 thus

r? r = r" = 1 thus (r4"= r
=

(sr)(sr) = Set = Sr =
52 . 1 = 1 . 1 = 1

thus (Sr)" = Si

(sr(srY = SEsr" = Str = s ? 1 = 1 - 1 = 1

(sr"= sub



⑭ A = (2)) B = (i)
To S how that

det (A) = 1 - 1 - ( - 1)(2) = 1 + 2 = 3 7 0 A and Bare

det (B) = 1 . 5 - 0 . : = 5 70 in GL(2, IR)3 You show they
have non-zero

Thus
,

A
,
BEGL(2,

IR determinant

Now we calculate A
,

BY and AB.

We need this formula:

(a)"= (-
-)

Thus,

A=- !) = 5) i) = (i "is)

B=(i) = -(i) = (*)

AB = (2 + )(3) =[s) = (s)

↑



A= (53) B = (ii)
To S how that

det (A) = 5 . 3 - 0 . 0 = 15 + 0
A and B a-2

det (B) = (-1(2) - ()( - 1) =
-170 3 in GL(2, IR)

You show they
have non-zero

Thus
,

A
,
BEGL(2,

IR determinant

Now we calculate A
,

BY and AB.

We need this formula:

(a)"= (-
-)

Thus,

A= 5005) = (3) = (i)

B=um(i =i) = + (i - ) = E i)

AB = (83)(= i 2) = 10:) = (5)



⑪ We know that

Dun = Ez,
r
,

r3
, ...,
r

,
5
, ser ...) sr]

Where r= 1
,
=1

,
rus = sr

Thus,

(srk)(srk) = S

that X= Y⑫Sina
To show

show that

X y = 1
.

= 1. 1

⑫ 1 definition

Since (srk)(sry = 1 we

k

SThis is the

of inverse.

know that (srk)" = srk.



⑭
Suppose that axb = a xc .

Since G is a group
and neG there

exists a in G.

Multiply axb = a * C by a
"to get

a x(a + b) = ax(axc)

By associativity in G we get

(a * a) * b = (axa) * C

Thus
,

ex b = exc

where e is the identity of G.

So ,

.



⑭D I

Our assumption is that if XG

then X" = X .

That is
,

X * X = e.

Let's show that G is abelian. & wemust
ha

axb = b + a

Let a
,
be G .

know

By assumption we
We are assuming

= C S that XXX = 2 .

(a + b) + (axb)
Plug in X = a x b

.

X = A

a x a = 2 X = b

by b = e to get these.

So
,

axb + a + b = e.

Apply a on the left to get

a +(n + b + a + b) = ax e

im

ne

Thus ,

/
-

by axb = a .



Apply b to the left to get

bx(bx a + b) = b + 9
.

-

/
-

-

a x b = ba . ⑪

op21

Our assumption is that X = X for all XeG .

Let a ,
beG .

problemascumptn
aEThen, F a= a,

axb = (axb) = 5xa = bxa

↑ -
⑮ theorem

assumption from class

Thus,
axb =ba .

So
,

G is abelim

-



⑫ [
,

= 50,
i

,
2

,
5

,
i

,
5

,
5

,
E

,
5

,
j]

(a) Let's show that Zo is not a

group under multiplication.

The identity is T under multiplication.

Let's show that I has no inverse.

Try all combinations :

-

2 . T = 2

2 . 2 = 4
none of these

2 . 5 = 5 equal T
.

are S

z . = 5

&2 . 4 = 5

2 . 5 = 0
=z

- 5 = 12
Z -

we 27 =T= 4
-

inZ
, 0

Thus
,
I has no inverse under multiplication.



(b) Let G = Ez ,
#

,

5

, 53 in10 .

We will show that G is a group

under multiplication.

Since we are inNo we know that

* (5xi) = (i *5) xi.

Let's check for closure ,
identify ,

and inverses

nejei
① G is multiplication

② E .
J =z

-

5 .
5 = 4=& under

closed

-
5 .5 = 5

5 .5 = 5

So T is the

identity under

multiplication

we
4 . 4 =TFeiZe

③ 2 . 5 =5)b.

O 5 . 5 = 6

Thus, j=z

20 = 2 : 10
-- = 5

j =
52

-

i = 4



⑮
2- G03 = 5 ...,

- 5
,
-4

,
- 3

,
-2

,
-1

,
1
,

2
,

3
,

4
,

5, ... ]

The identity element under multiplication is I
.

Note that I does not have an inverse .

For we would need 2x = 1 for

Some XX-503.

But this would require X = E which

is not in -Sob.

So ,
X-Goy is not a group

under
multiplication .



# Let IRI denote the set of positive real numbers .

IR
+

I
Consider x x y = Y

For example,
2 * 3=3 = 5

This operation is not associative.

For example

| (2 * 3)=3) = N

= = 2
.

45

and

(1x2) + 3=3 =3

=3 = 2 ,
06

So
,

* is not associative and

IRt is not a group under *.



⑮ Let G = R-E-13 .

/YYy, 11

- 2
- I G = IR-5-1]

We will show that G is a group

under the operation axb = a + b + ab

(i) Suppose a
,

b EG .

Then a
,
belR and a t - 1

,
b + - 1.

We will show that abG .

we have axb = a + b + ab .

This is a real number in M.

We show a + b + ab--1 .

Suppose a + b + ab = -1
.

Then
,

a + ab = -1 - b

divide by
Thus

,
a (l + b) =

- ( + b) ·

]
can

1 + b + 0 .ltb since b

Then ,
a = -1.

.

Contradiction .

Thus
,

a xb = a + b + ab is in R but not1.

So ,
a *bEG .



(ii) Let a
,
b

,
CEG .

Then,
ax(bxc) = ax(b + c + bc)

= a + (b + c + b) + a(b+ + b)

= a + b + c + bc + ab + ac + abc

and

(axb)x = (a + b + ab) * )

= (a + b + ab) + c + (a + b + ab)c

= a + b + ab + c + ac + bc + abc

We see that

-
F

Heres how I got e = 0

all X .

We need exX = X for

This gives e + x + ex = X

That is e + ex = 0

g

↑
or

, e(l + X) = 0 for all X.



↓
Let XEG.

Then,

0xX = 0 + x + 0x = X

and
x + 0 = x + o + x0 = x

So
,

o is the identify element.

-
(iv) Let XeG .

Then XER and XF-1 . for X .

an inverse y

want to find
We

we need xxy = 0
-E

So
,

need x+ y + xy
= 0

.

That is y + xy =
- X

or, y(1 + x) =
-Y

That is
, y=x

which exists since IX0

because XF-1 .

Is y in G ?



If it wasn't then = -1 .

But then-X = -1-X or 0 = -1 which can't happen

So
, yet ady + - 1

Let's show that x= #X :

We have

(i) * X= + x + (ix)x

=== 0

and

x * (i) = x + + x (i)

=-
x == 0

So
,

x* (x) = 0 and (* ) * X = 0 where

· is the identity .
Thus

,

X1= Fix

By (i) ,
(ii)

,
(ii)

,
(iv) we have that

& is a group under akb = a + b + ab #
-



⑯ Let Go be an abelian group.

Let a
,
bEG .

We will show by inductive

that (a+ b)" = (a) * b!

If n = 1 then

(axb)) = a + b =
(a) * (b) .

Suppose (* )

(a +b)"=ah) + (b)

for somek
. =x * x

Then , S
(axb(k

+
= (ax b)

*
* (axb)

= (ak) + (b4) * a + b

⑫5 (ak) + a + (bk) * b

= (ak+ ) * (bk
+)⑫



We have shown (a * b) m+
= (ak) * (b4) .

By induction (axb)" = (a") * (34) for all n.

#

-


